We present results from a numerical investigation of an effective field theory model of a two-component plasma with oppositely charged point particles. We are particularly interested in the possible existence of stable knot-like solitons in this model. For this, we numerically construct and analyze the properties of a linear plasma column, which is composed of twisted magnetic field lines that confine the charged particles. The properties of the plasma column are described by a spectral function, which we construct and analyze with the aid of numerical simulations. * Martin.Lubcke@teorfys.uu.se † Nasir@teorfys.uu.se ‡ Antti.Niemi@teorfys.uu.se § Kristel.Torokoff@teorfys.uu.se
where Ψ e and Ψ i are the two complex non-relativistic fields describing, respectively, electrons and ions, with their respective masses m and M. Numerically, we have α = m M = 1 3670
. It is to be noted that the electron and ion densities are, respectively, given by Ψ * e Ψ e and Ψ * i Ψ i , and their total integrals over the three-space give the total electron number N e and the total ion number N i . Of course, charge neutrality requires N e = N i . An effective action of plasma can be obtained from the above by an exact change of variables, in combination of solving for the Gauss law. This eliminates the relative phase of the two charged fields and the gauge potential in favor of an (ungauged) massive vector field and leaves us with an energy functional that contains only the physically relevant field variables; see [9] for details. In this energy functional the vector field appears at most quadratically, hence it can be eliminated in a gradient expansion. We truncate this expansion after terms that are at most fourth order in derivatives, and in order to describe the final result in a manner which is appropriate for describing a linear plasma column we introduce the following set of variables [1] ,
where α is a parameter expressed in terms of the reduced mass, µ, through the relation µ = m · sin 2 α = M · cos 2 α, ρ 2 is related to the plasma density, θ is a shape function measuring roughly the distance from the center of the configuration, and ϕ and χ are the toroidal and poloidal coordinates in R 3 . By defining a three component unit vector,
it can then be shown that the plasma effective energy becomes [1] ,
where
2 , and C 4 = g 4 . The effective coupling g describes the remnant of the Coulomb interaction in the plasma. At this point, it is of interest to compare the above energy integral with that of [4] , especially noticeable is the coupling between ρ and − → n . In order to have finite energy solutions, at infinity − → n must go to a constant value with n 3 = cos 2α, and also ρ = ρ 0 at infinity. Here, ρ 0 is a constant valued characteristic plasma parameter related to the plasma density at the bulk, for example on the solar surface ρ 0 is of order of magnitude 10 15 /m 3 . The unit vector − → n , when combined with the boundary conditions, describes a map from the compactified R 3 to the target S 2 . Under this map the pre-image of a point on the target is generically a circle, knotted or linked, which constitutes the magnetic field lines in the plasma. Any two pre-image circles are linked with their Gauss linking number given by the Hopf number H,
Stable finite energy soliton solutions are, thus, classified by the Hopf invariant H. A non-trivial question of interest is to answer as to for which Hopf numbers the solutions are actually knotted, not merely linked. The equations of motion arising from varying Eqn.(3) depend on two parameters ρ 0 and g. However, by re-scaling ρ → ρ 0 ρ and x → x 0 x, where ρ and x are both dimensionless quantities, the equations of motion can be recast to make dependent only on g. Henceforth, all the expressions are written in terms of the dimensionless variables ρ and x and we continue to denote them as ρ and x, respectively. The parameter x 0 has the dimension of length and has the expression
We are interested in the axially symmetric solutions in the form of a linear, straight tube. The vector field generating this axis-symmetric twist is V = (
, and the Lie derivative of the field variables with respect to V must be zero. The Ansatz for the fields, satisfying the previous condition, are: (χ + ϕ) = kz + ar, ρ = ρ (r), and θ = θ (r). Here, k is a real number, and a denotes the twist per unit length. Similar Ansatz were used in [10] . We consider the tube to be clamped at its two ends and the length of the tube is L. The Hopf invariant now becomes H = kaL 2π . Notice that, had we taken the tube length to be infinite, the Hopf number would have become infinite. It might be tempting to consider a straight tube with the topology of a torus, but this does not work. Since the toroidal topology implies that the fields are periodic in z with period L, and this in turn implies that kL is an integer multiple of 2π. One would then have a to be a rational number only. The energy functional Eqn.(3) in the axially symmetric ansatz reads
where the prefactor
, and the Coulomb coupling
. Extraction of the parameter dependence of the field variables, in particular, of the above the energy functional, is particularly revealing as we will see shortly.
The numerical solution to the Euler equations of motion arising from (5) are obtained by seeking the fixed points of the following system of equations:
The simulations are run on a lattice of finite size. At one boundary end, we take ρ = 1, and θ = 2α. For the other end, which is the origin, we need there the values of ρ and θ. For these values to be fixed, first note that the equations of motions are invariant under parity transformations, i.e. when r → −r. We are then free to choose independently θ and ρ to be either odd or even function in r. We have θ(0) = 0, which corresponds to the choice of an odd function for θ. We require ρ(0) to be non-vanishing at the origin by choosing ρ to be an even function. It should be mentioned that ρ could have been chosen equally well to be an odd function, but we would like charge densities to be non-vanishing at the origin. With the boundary conditions so chosen and in order to facilitate the simulations the range of the lattice is extended to the negative values of r as well. Next, we choose initial profiles for ρ and θ matching with the boundary conditions. Finally, the equations are solved for fixed k = 1, since higher k would corresponds to the configurations with higher energy states and are, therefore, excluded from our simulations. The Coulomb term C is chosen to be a small value, 0.1, 1.0, and 10.0, and the twist parameter a lies in the range [0.2, 2.0]. We draw plots for the energy per unit Hopf number, E/H, against the twist per unit length, a, (Fig. 1) . Each point on the plot corresponds to a solution of the equations of motion for a given a. These energy plots for different Coulomb couplings, described by spectral functions f (a, C), all have one interesting feature in common: they all are smooth, strictly positive convex functions with a minimum. That f (a, C), for a given C, is a positive convex function of the twist a could be seen a priori from the form of the energy Eqn. (5), since both for a → 0 and ∞, E/H diverges, given that the solutions are smooth, but what is remarkable is the form of the graph of the function. The unique minimum point of the graph, occurring at a C , represents the true solution that an axis-symmetric plasma column with a given number of twist would settle to. Too many, or too few, twists in the column to begin with would result in instability. It is to note that as C varies, so does a C , but little. It would certainly be of interest to be able to extrapolate our calculations for the physically interesting values of C corresponding to coronal loops on solar photosphere, but unfortunately at present numerical intractability is a major hindrance to achieving this goal. The plots for the energy and ion densities have also some interesting features (Figs. 2, 3 ). The peak of the energy density plot lies, counter-intuitively, slightly off the center, the origin of which can be traced to the twisting of the field lines. By looking at the energy density plot, one can estimate the thickness of the plasma column and, on the other hand, by reading off the minimum point of the spectral curve one can estimate its length. The ratio between the length and the thickness turns out to be 2.5. The total numbers of ions and electrons, respectively, N e and N i , are tabulated in Table 1 for different values of a and C. Clearly, we do not obtain exactly that N e = N i , but this is a finite size-effect as the simulations are run on a finite lattice. One can, however, conclude from the table that the heavier ions are clearly concentrated more towards the center of the column and the electrons, being lighter, spread out more to the bulk.
To conclude, we have gathered numerical evidence that a recently proposed effective field theory model of plasma [1] does admit stable soliton solutions. We have searched for a particular kind of soliton in the shape of straightened twisted tube. The length of the tube is clamped at a fixed length and the stability of the solution requires the tube to be twisted by a fixed amount. It would be of interest to extend our analysis to the toroidal case, where the addition of curvature demands a full three dimensional simulation. And, certainly, it would be desirable to run simulations in the physically interesting regime in order to understand the origin and properties of the solar coronal loops. 
